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NASA TT F-9515 

DELIBERATIONS ON OSCILLA!I'ING STRINGS 

Johann Bernou l l i  

ABSTRACT 

De l ibe ra t ions  on o s c i l l a t i n g  s t r i n g s  t o  which small 

weights  a r e  e q u i d i s t a n t l y  a t tached ,  where, according t o  t h e  

p r i n c i p l e s  of  dynamics, the number of o s c i l l a t i o n s  of t h e  

s t r i n g  i s  sought, expressed i n  terms of t h e  number of o s c i l -  

l a t i o n s  of a pendulum of given l eng th  D. 

Equal, small o s c i l l a t i n g  weights C ,  D, E,  F, e t c . ,  a r e  e q u i d i s t a n t l y  

a t tached  t o  o s c i l l a t i n g  s t r i n g  ACDEF,etc. The conf igura t ion  must be such t h a t  

each weight reaches p o s i t i o n  AB i n  the s t r a i g h t  l i n e  a t  t h e  same time. It f o l -  

lows from t h i s  condi t ion  t h a t  t h e  v e l o c i t i e s  of each weight and t h e  a c c e l e r a t i n g  

f o r c e s  a c t i n g  on each must be  propor t iona l  t o  t h e  d i s t a n c e s  t o  be t r ave led ,  Cc, 

Dd, E e ,  e t c .  However, according t o  the l a w s  of s t a t i c s ,  t h e  t ens ion  of t h e  

s t r i n g  i s  ( t o  t h e  fo rce  by which any weight such as E i s  impelled toward e )  as 

the  s i n e  of t he  angle  DEe t o  the  sine of t h e  angle  DEF or IEF, i .e . ,  (because 

t h e  s t r i n g  i s  almost s t r a i g h t  and the d i s t a n c e s  of t he  weights  are e q u a l ) ,  as 

t h e  t o t a l  s i n e  t o  F I .  Therefore, i n  t h e  same way, t h e  d i s t a n c e s  Cc, Dd, Ee, 

e t c . ,  a r e  p ropor t iona l  t o  DG, EH, FI, e t c . ,  r e spec t ive ly .  The same i s  t r u e  of 

/13* 

*Numbers given i n  the  margin ind ica te  t h e  pagina t ion  i n  the  o r i g i n a l  f o r e i g n  
t e x t .  
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DG = Gd - Dd = 2Cc - Dd = 2a - X; RE = He - Ee = 2Dd - Cc - Ee = 2x - a - y; 

FI = If - Ff = 2Ee - Dd - Ff = 2y - x - z; e t c . ;  t h e r e f o r e ,  2a - x.a: : 2x - a - 

y.x::* - x - z.y::2z - y - t . z : : e t c .  From t h i s  fo l low t h e  lemmas: 

1. When t h e r e  a r e  two weights, x = a ,  y = 0; t h e  o t h e r s  a r e  not  

considered.  

2. When t h e r e  are t h r e e  weights, y = a, z = 0, not  consider ing 

t h e  o the r s ,  then 2a - x.a::& - 2a.x, whence 2ax - x2 = 2ax - 2a2, 

and x = a &. 

3. When t h e r e  are f o u r  weights,  y = x, z = a, and t = 0,  not  

2 - GW vx=(=,'s consider ing t h e  o t h e r s ,  then 2a - x.a: :x  - a.x, whence 2% - x - 
. . t  J * 

.*qpy 2 

4. 

ax - a , and x = 

When t h e r e  a r e  f i v e  weights,  z = x, t = a ,  u = 0, not  con- 

s i d e r i n g  t h e  o t h e r s ,  then  2a - x.a::& - a - y . ~ : : *  - 2x.y; from 

2 th i s  a r i s e  two equat ions,  x2 = a + ay and yx = 2ax. According t o  
2 2  

- a  , and according t o  t h e  l a t t e r ,  y = 2a; a t h e  p r i o r  equat ion,  y = x 

the re fo re  x = a 6. 
5 .  When t h e r e  a r e  s i x  weights,  z = y, t = x, u = a, s = 0, not  

consider ing t h e  o t h e r s ,  then 2a - x.a::2x - a - y.x::y - x: y. This  

y i e l d s  two equat ions :  According t o  
2 

t h e  l a t t e r  equat ion ,  y = -; ax according t o  the  o the r ,  y = x2 - a 

2 x2 = a + ay and ay - p: 7 -EX. 

Y -a + x a 
w h e n c e a x = x 3 - a x  2 2 2  - a x + a , o r x 3 - a x  3 2 - 2 a x + a  2 3 = O .  

6. When t h e r e  a r e  seven weights, t = y,  u = x, s = a, w = 0 ,  

no t  consider ing t h e  o the r s .  Therefore 2 a - x.a::2x - a - y.x::2y - 

x - z .y: :2z - 2y. z; thus  we obta in  t h r e e  equat ions:  x2 = aa  + ay, 

x y  = ax + az and xz  = 2ay. 

according t o  the  t h i r d ,  z = x, from which 

From t h e  second equat ion,  z = xy - ax* a .' 
. d  

X 

2 



2 2  2 .  , t hen  %2%--0_, 
x2 - a2  

From t h e  f irst  equation, y = a '. -.&-F and con- 
a -2. 

sequent ly ,  a?x2 = x4 - 3aG2 + 2a4, or x4 -1- 2a4 = 0; so t h a t  

It should be noted here  t h a t  t h e  lower s igns  a r e  not  squared. 

Problem 1 

Suppose a s t r i n g  or thread ALB f r e e  o f  a l l  t h i ckness  is  weighted i n  t h e  

c e n t e r  by weight L, and suppose t h e  thread i s  kep t  t a u t  by weight P. The 

ques t ion  i s  t h e  time of a semiosc i l l a t ion  f o r  LC. If LC = a, AL or AC = b y  

- - - = -  , and ALB - AB = - = t h e  descent  of  weight and AI, - AC = 

P t ens ing  t h e  thread;  suppose z = t he  v e r t i c a l  a l t i t u d e  of free f a l l  by which 

a 2  
b 

a2 - A C ~  LC* a 2 

AL + AC 2AC 2b 

it o b t a i n s  a v e l o c i t y  equal  t o  t h a t  of p o i n t  L when L a r r i v e s  a t  C, which 

v e l o c i t y  w i l l  then be = $z. The v i s  viva ( k i n e t i c  energy) o f  t h e  weight 

L = Lz = t h e  v i s  v i v a  of t h e  t ens ing  weight = - x P; t h e r e f o r e ,  z = 

However, because t h e  f o r c e  p u l l i n g  po in t  L toward C i s  always p ropor t iona l  t o  

a2 x P 2 a 
b b x L' 

d i s t a n c e  LC, it w i l l  have t o  be, assuming t h e  diameter of  a c i r c l e  a t  i t s  

circumference,  as I t o  p; and v, as t h e  v e l o c i t y  of p o i n t  L t o  C,  t h e  t i m e  f o r  

LC, o r  t h e  t i m e  f o r  one semiosc i l l a t ion  = =%*$ma t h e  time f o r  one 

s e m i o s c i l l a t i o n  o f  t h e  pendulum of  a g iven  l e n g t h  D,*V+D.": Therefore,  

pV&D divided by s, t h a t  i s  J2hp ' w i l l  g ive  t h e  number of o s c i l l a t i o n s  /16 '.Jbwl 

of  t h e  th read  during one o s c i l l a t i o n  of  t h e  pendulum D - ~ ~ . D X P = ? ~ - X P  .1 

44mt 7iiiEz' 
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2. Suppose now thread AM;B i s  tensed by weight P and weighted by two 
- 

equal  weights,  each = 1 L, which divide t h e  thread i n t o  th ree  equal  p a r t s  AF, 

M; and GB. Suppose a l s o  t h a t  FC = GE = a and AC = CE = El3 = b,  and 
2 

so t h a t  AFGB - AB = - a2 = descent  of weight P. Suppose a2 
b AF - AC - BG - BE = - -  2b , 

now \ r z = t he  v e l o c i t y  of p o i n t  F t o  C o r  p o i n t  G t o  E, then  t h e  v i s  v iva  of 

t he  weights F and G a l i k e  = Lz = t h e  v i s  viva of  t h e  tens ing  weight P, = 

a2 The remainder w i l l  be found as previously,  
2 
b b x L' x P, from which z = 

1 
r )  3 3. If the re  are t h r e e  s i n g l e  weights = -  L, again AF - AC = BH - B I  = 

- 

- ac 2 2' 
But FG - CE = HG - I E  = (from lemma 2)3O -20 42 Fmm t h i s  ~ H B  - 

--'I 
2b 

2 2 
AB = 4 & - - 2 d ( V  

c a l l i n g  the  v e l o c i t y  of  po in t  F t o  C,  Jz, t he  ve loc i ty  of p o i n t  G t o  E w i l l  

be J2z, from which t h e  quan t i ty  of v i s  v iva  of a l l  weights a t  t h e  same time = 

= t h e  descent  of weight P which t enses  t h e  thread .  Now -A 

2 '  3 
kz x L = t h e  v i s  viva of t h e  tensing weight = 40 -26 4 l X p  , so t h a t  
3 

and t h e  time f o r  FC, or @ !  e . 1  Therefore win; divided by /17 
W ?_Ji2- w 

- -  - t h a t  i s ,  246-3J2Xpc-. , w i l l  give t h e  number of o s c i l l a t i o n s  of t h e  th read  
2v , Yh%L ", 

i n  one o s c i l l a t i o n  of t h e . g i v e n  pendulum D. 

4. Suppose t h e r e  are f o u r  weights, each equal  t o  $, and assume meanwhile 

t h a t  GE = H I  = x, the  o the r s  remaining as they  were. Then aga in  AF - AC = 
2 a 

2b' 2b 
x2 - 2ax 4- f r o m  t h i s  mm - AB = BK - BM = -. FG - CE = KH - M I  = 

4 



f- 2 x2 - 2ax + 2a = t h e  descen t  of  weight P. The v e l o c i t y  of p o i n t  F t o  C = \#  z, 

t h e  v e l o c i t y  of p o i n t  G t o  E = - &; and i n  t h e  same way t h e  t o t a l  of t he  v i s  

viva of a l l  weights = a2 + 

b 
X 
a 

2 
x z x L = t he  v i s  v iva  of weight P = 

2a2 
2 5  3 i 2 20 x -40 x-c  o..&. x2 - 2ax + 2a '; t h e r e f o r e ,  z = -m4i; For t h i s  reason, 

q j  a +ic x b ~  ' 
b 

o s c i l l a t i o n s  of t h e  thread i n  one o s c i l l a t i o n  of pendulum D. 

E,  5 .  Suppose t h e r e  are f i v e  w e i g h t s ,  each = h Suppose also t h a t  5 .  
GE = KM = x, t h e  remainder always unchanged, H I  or y (from lemma 4) = 2a and 

2 2 GH - E1 = KH -  MI=^ --;?-+x -io2-;;D+g: ; consequently, AFGEIKNB - AB = 

- 1 1 a 2 ~ 6 : J d  = t h e  descent  of weight P. It i s  f u r t h e r  assumed t h a t  J z  i s  t h e  
' *:-* b 

v e l o c i t y  of p o i n t  F t o  C ,  t h e  ve loc i ty  of p o i n t  G t o  E = 

of p o i n t  H t o  I = 2 $2. 

k'jz, and t h e  v e l o c i t y  

Following from t h i s  t h e  t o t a l  o f  v i s  viva of a l l  
- 2 -:- ' -60 q33.p.; t h e  v i s  viva of t h e  t ens ing  weight P = t 2 a  - weights  = L 2 z  x L = 

- .  5 

5 



PYiD divided by 2 i . e . , ? e 0 q 3 * X p  w i l l  g ive  t h e  number of  o s c i l l a t i o n s  o f  
2v' J A B e :  . % 

t h e  th read  during one o s c i l l a t i o n  of pendulum D .  

1 
6. There s h a l l  be six weights,  each = 5L.  Assuming t h a t  now GE = NO = x, 

a 2 x 2  - 2ax + a2  
2b 

HI = KM = y ,  then AF - AC = BR - BS = - 2b,FG - CE = RN - OM = t 

y 2 - * + x  2 
andGH - E I = NK - OM = ; t h e r e f o r e ,  AFGHKNEIB - AB = 

b 

2 2  2x2 - 2ax + 2a 
b 

+ - 2yx = t h e  descent of weight P. However, $z i s  assumed 

as t h e  v e l o c i t y  of p o i n t  F t o  C,  t h e  v e l o c i t y  of  p o i n t  G t o  E = - &, and t h e  a ,- 

v e l o c i t y  of p o i n t  H t o  I = -* ", t he re fo re ,  t he  t o t a l  o f  t h e  v i s  viva of  a l l  a 

2 2 . 2  ' 

7 /1-9 weights = a * 4-3' zx L= = t h e  v i s  v iva  of t ens ing  weight P = 

' 3a  

2 X '  -'2ax+2a e, bzym x P, and t h u s ,  
--- 

2 - F  I ' 2  - b I z I.- 

2 , and from t h i s  y2 = x 
2 

+ ax) ax x2 - a cause of lemma 5 ,  where y = and y = a -a + x 



during a s i n g l e  o s c i l l a t i o n  of pendulum D, af ter  which f o r  x would be s u b s t i -  

t u t ed  i t s  value,  which i s  t h e  r o o t  of t h e  equat ion x3 - ax2 - 2a% + a 3 = 0. 

So lu t ions  of These Same Problems Based on P r i n c i p l e s  of S t a t i c s  

Lemma 1. Suppose the  n a t u r a l  g r a v i t a t i o n a l  f o r c e  g, by which bodies /20 . 

are n a t u r a l l y  animated, i . e . ,  urged t o  descend, x would be t h e  d i s t a n c e  of t h e  

descent ,  v t h e  v e l o c i t y  a t  t h e  end of t h e  descent ,  t t h e  time o f  t h e  descent ,  

M t h e  mass of t h e  weight P; M x g = P; gdx = dv; t he re fo re ,  $2gx = v. 
V 

Lemma 2. drd=* t he re fo re  

Lemma 3. As shown elsewbere,  the n a t u r a l  t i m e  of  t h e  descen t  through t h e  
9. -.' J2gx 5' +E 

diameter  of any c i r c l e  i s  t h e  t i m e  of a s e m i o s c i l l a t i o n  of a cycloid having the  

same a l t i t u d e  as t h e  c i r c l e ,  as 1:+::2:p. Then t h e r e  w i l l  be t h e  t i m e  of  a 

s e m i o s c i l l a t i o n  of a pendulum of given l e n g t h  D = F, and, as p e r  t h e  preceding 
2 g  --* l e m m a ,  t h e  t i m e  of descent  through the diameter  -- 

1- a i  
Lemma 4. Poin t  F tends toward C by f o r c e s  which are p ropor t iona l  t o  t h e  

d i s t a n c e  FC, as demonstrated, and from anywhere from which p o i n t  F begins t o  

be moved, t h e  d i s t a n c e  FC i s  always t r ave led  i n  equal  times. Suppose t h e  f o r c e  

app l i ed  i n  any d i s t a n c e  *xTc, 
f o r c e ,  consider ing t h a t  an abso lu te ly  assumed f o r c e  can be increased and 

diminished) .  

(byJ  I understand t h e  parameter of  t h i s  

Considering t h i s  as given, t h e  d i s t a n c e  FC, taken from the p o i n t  
, -  

when it i s  a t  rest ,  = a, any p a r t  FO = x; t hen  ?=-&rdd; f u r t h e r ,  

GVJ2##-Ix2, hence, ' and --..I For t h i s  reason, 
2. . 

& a i  - 
- ;':&#&a I 

U. -- * 

..- - 

t h e  t o t a l  of  FC- 3% *; 

7 



Problem 1. Take AF i n  t h e  second and following f i g u r e s .  The f o r c e  /21 
of weight P t o  t h e  f o r c e  urging point  F toward C i s  as t h e  s i n e  of angle  AFC 

t o  t h e  s i n e  of angle  VFB = s i n e  of angle AFC t o  t h e  s i n e  of twice angle FAC = 

(because FAC i s  considered i n f i n i t e l y  small) ACa2FC::b*2a, so t h a t  t h e  f o r c e  

by which p o i n t  F i s  urged toward C = 2 x P = & M x g (I c a l l  M t h e  mass of 

weight P ) .  

as only i t s  small mass i s  considered - -  must be urged toward C by a f o r c e  

expressed byfUxL, then 22Mx~JaxL., from which Jra ; so t h a t ,  as p e r  

b b 

However, s i n c e  weight L -- t h e  g r a v i t y  of which i s  disregarded here ,  

- 24kJ 

lemma 4 of t h i s  paper,  t h e  t i m e  for FC ($e&!& = t h e  s h o r t  t i m e  of  semi- 

o s c i l l a t i o n s  of t h e  thread;  by  dividing then t h e  time of  a s e m i o s c i l l a t i o n  of  

given pendulum D, which (as p e r  lemma 3)=XD , by t h e  t i m e  of  t h e  s e m i o s c i l l a t i o n  
2Jg 

of the  thread 2 F  ~~~ , which y i e l d s  JB- ( s u b s t i t u t i n g  weights f o r  t h e  mass) 
JbxL - 

I_. 2‘’Mp giving t h e  number of  o s c i l l a t i o n s  of  t h e  thread,  which i s  sought, as i n  
JABXL 

t h e  preceding s o l u t i o n  by v i s  viva.  

Problem 2. Now P i s  t o  t h e  fo rce  of p o i n t  F toward C as t h e  s i n e  AFC t o  

t h e  s i n e  of VFG o r  t h e  s i n e  of  FAC::b.a; from t h i s ,  t h e  f o r c e  of p o i n t  F toward 

= t h e  t i m e  c = ZMig*iL , so thatJ=%!!!, and t h e  t i m e  f o r  FC (&F-md - Ps%L 
. a 

of a s e m i o s c i l l a t i o n  of  t h e  thread.  When $ i s  divided by - PJbrR~ t h e  r e s u l t  
2J2gM 

i s  -- J2DxLe f o r  t h e  number of o s c i l l a t i o n s  which i s  sought, as above. 
lrbt VABwL 

Problem 3. Here and i n  t h e  following t h e  f o r c e  of  p o i n t  F toward C i s  

(by f I understand t h e  s i n e  of t h e  c a l l e d  @ , so t h a t  p@:fAFc:Jtfa . .. 8 

8 



ang le ) .  From t h e  second lemma, as mentioned i n  t h e  previous method, n,rq /22 
t -  

(being i n f i n i t e l y  small) = 2a - a &, i f  b i s  assumed as t h e  radius;  t h e r e f o r e ,  

= t he  t i m e  of a s e m i o s c i l l a t i o n  of t h e  thread;  thus,  by -- -a&L * 
IL- "@qWl& 

number, as previously.  

Problem 4. Here aga in  p '@:fAFC -: OflFG' . From lemma 3, f o r  t h e  - 

above method, f l p e  (because it i s  i n f i n i t e l y  small) = &A$$#*>-'T 
assuming b as t h e  t o t a l  s ine :  

from which .f=et 2Jqa , and t h e  t i m e  f o r  FC ( 

o f  a s e m i o s c i l l a t i o n  of t h e  th read .  From here divided by 

w i l l  g i v e  us  ~ F Z T x g l l l ~  d F e  5xD*1, 

. '.4- > 

from this ,  Q>= 
- - ,  

= t h e  t i m e  

L ' i  
9+g z-49IQ 

17 *"-rw 

which w i l l  g ive t h e  number of o s c i l -  
.V'bS'. e d.+, x t  -*. 

l a t i o n s ,  i n  conformity w i t h  t h e  above, which i s  

Problem 5 .  The f i g u r e  w i l l  have t o  be imagined. Here w e  have from t h e  

preceding lemma 4 P F ( E  (which i s  i n f i n i t e l y  small) = 2a-a'l/3', ; t hus ,  
- - .+.. 

a _  

el L = t h e  time of  a semiosc i l l a t ion  of  t h e  thread.  Therefore, by 

d iv id ing  3 through t h i s ,  t h e  result  i s  

number of o s c i l l a t i o n s  sought, as above. 

Y 



Problem 6. From lemma 5 ,  as previously s ta ted: /VF*Gbhal l  be (as it i s  _ _ _  - 
i n f i n i t e l y  small)  = 2a - X ,  where x i s  t h e  r o o t  of t he  equat ion x3 - ax 2 - 

"Mg 2a 2 x + a3 = 0, then @ ~ . x p m ~ @ . ~ f a x $ L  ; from this,J- -*I obwl l a d s  

and t h e  t i m e  f o r  FC ($fp*w 1 = t h e  t i m e  of a s e m i o s c i l l a t i o n  of  t h e  
* &; %%=. 

t h read .  By d iv id ing  through t h i s ,  we o b t a i n  
M.. 

Observation 

General ly ,  t h i s  s u b j e c t  may be t r e a t e d  f o r  any number of weights.  If t h e  

number of weights i s  assumed t o  be n, and ~ 2 ~ & & ! & # , ~  , from t h i s  
.-4 * 'vi 

o s c i l l a t i o n  of  t h e  thread.  Therefore, divided by t h i s  w i l l  y i e l d  
2gtt -- '* --'mpi = the sought number of o s c i l l a t i o n s  of t h e  +P=e+xDxd - 

?dt!%ABxL . 

thread during one o s c i l l a t i o n  of t h e  given pendulum D. I n  t h i s  expression we 

s u b s t i t u t e  f o r  x i t s  value,  which must be sought by t h e  method used f o r  t h e  

previous lemmas. If, f o r  example, t he re  are seven weights,  i n  which case n = 

7, and x (as p e r  t h e  preceding lemma 6) = , an? m : p  Drn = 
' 5: ..#AWt". 7 

w i l l  be as near  as p o s s i b l e  t o  z ~ 2 * B ~ p  , which should be smaller .  ,vu* 

Problem 7. Assume a musical s t r i n g  AB of uniform th i ckness ,  of a mass /24 

q u a n t i t y  = L,  tensed by a weight P = Mg; t h e  number of o s c i l l a t i o n s  i s  sought 

du r ing  one o s c i l l a t i o n  of t h e  given pendulum D. 
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Solut ion.  The s t r i n g  should be ou t s ide  t h e  s t r a i g h t l i n e d  f i g u r e  AB and 

cover t h e  curve-lined f i g u r e  AEB which should be so t h a t ,  whenever i t s  p o i n t  

K a r r i v e s  a t  t h e  same moment a t  t h e  corresponding p o i n t  H i n  t h e  s t r a i g h t l i n e d  

f i g u r e  as t h e  median p o i n t  E a r r i v e s  a t  C,  t h e  a c c e l e r a t i n g  f o r c e  by which 

p o i n t  K i s  urged toward H be proport ional  t o  t h e  d i s t a n c e  KH. When two tan-  

gen t s  are drawn nea res t  t o  KG, GF, and from K and s, appl ied t o  KH and S I ,  

according t o  t h e  p r i n c i p l e  of  s t a t i c s  weight P or Mg i s  t o  t h e  f o r c e  by which 

the p a r t i c l e  KS of t h e  s t r i n g  i s  urged toward H, as t h e  s i n e  of  t h e  angle  

KSO which i s  assumed t o  be a r i g h t  angle,  t o  t h e  s i n e  of  t h e  angle GKF, t h a t  

i s  as I t o  E; t he re fo re ,  KF can be considered as being perpendicular  t o  t h e  KG 

axis CF and t h e r e f o r e  t h i s  f o r c e  t o  K = , m = f i K & i & ,  and f p m  t h i s  t h e  
KG - 

a c c e l e r a t i n g  f o r c e  or fx#H,=f, OfPCrn However, i n  o r d e r  t o  determine E it 
KG ' _ _  

must be noted t h a t  t h e  curve AEB i s  an elongated companion t o  a t rochoid,  i .e. ,  

i t s  na tu re ,  descr ibed by t h e  quadrant of t h e  c i r c l e  EMN and t h e  l i n e  KR drawn 

p a r a l l e l  t o  t h e  b a s i s  AC, so  tha t  AC-KR::EMN*EM, demonstration of  which w i l l  be 

given below. Now assume t h a t  EC = a, ER = x, EM = s, EMN = $pa (I always under- 

s tand I t o  p t o  be as t h e  diameter t o  t h e  circumference).  If ACrEMN::n*I, t hen  

KR = ns ,  and it w i l l  be found t h a t  the subtangent RG = v- 2cuata , CG = 
1 

:- &.% 

t h a t  or, what i s  the same, - = a -  ' y~,, and t h e  element KR Y- 
. -  lU*- r--* 
- -mS3F 

KS which i s  taken as being equal  t o  KO = nds = AB*FII(KO)::LadL, 2 

from t h i s  L*L,=%* L; if t h e s e  are  s u b s t i t u t e d  w e  r ece ive  f o r  t h e  
m-. 3-e ,t 

a c c e l e r a t i n g  f o r c e  = (because npa = AB) 

t 
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. 

KH(&)='SZ = t h e  time of a semiosc i l l a t ion  of t he  musical s t r i n g .  When - 
JAsSit' we ob ta in  HDxa;r?mr' ; being t h e  number of o s c i l -  i s  divided by =id JABX&L* - .  ..JrWLBxL 

l a t i o n s  o f t h e  string during one o s c i l l a t i o n  of t h e  pendulum of given l e n g t h  D; 

so  found Taylor ( see  Meth. Increm. p .  9 3 ) .  And so have I found using t h e  p r i n -  

c i p l e  of v i s  v i v a ,  as fol lows:  
2 2 as  - dy - 1'1 ; DG = S; DC = a .ds  - dy = d s  + dy Assume DN = x; NG = y = vv 

OaX-xf 

2 
I ;  and thus  DA - CA = - -  dx - (because y = 

2dY 

Ai3 2DA - 2CA = ADB - AB = - - t h e  d i f f e rence  between t h e  a r c  and the  string. 
4n2 - 

The r ad ius  of t h e  osculum i n  G, assuming the  element Gg or d s  as cons tan t ,  i s  

g e n e r a l l y  cy = ( i n  t h e  most elongated curves where dy = ds) dy. 
2 

Therefore ,  
a2x 2 a x  

i n  t h i s  case t h e  most e longated companions of t h e  t rochoid ,  where dy = ds  = 

&h&'w$!!! S $.e., the  r a d i i  of t h e  osculum a r e  r ec ip roca l  t o  GH. 
2- - h a . .  

Assume now t h a t  t h e  weight  tens ing  the s t r i n g  i s  P, t h e  weight of t h e  s t r i n g  

i t s e l f  AB, L; t h e  v e l o c i t y  of po in t  D, whi le  o s c i l l a t i n g ,  a t  t h e  time i t  reaches 

C = 

i n  f ree-fal l  descent )  and t h e  ve loc i ty  of  any p o i n t  G toward H = 

& (S meaning the  space needed by p o i n t  C toward D t o  reach t h i s  v e l o c i t y  
-. 
7 

1 2  



a 

r- ..* 

u. 4B 21 
* ' 2 U  1 

of  p a r t i c l e  Gg o r  Hb of  t h e  s t r i n g  toward H = %&x &I; when t h i s  i s  

s t r i n g )  2*~idxDEF'4i:YA&, L I S  = the  q u a n t i t y  of  v i s  v iva  of t h e  e n t i r e  
0. AB 

s t r i n g .  This, however, i s  equa l  t o t h e  v i s  v iva  of weight P descending through 

From t h i s  t h e  t i m e  f o r  DC = -%!@ Then, t h e  t i m e  of a s e m i o s c i l l a t i o n  of a 
420 **I 

simple pendulum whose l e n g t h  i s  assumed t o  be C = $Xf2c*i ; s i n c e  now t h e s e  - 

two times are equal ,  t h e  following equation must be made 4trr.LDE692C - , from 
J2P-- oc- 3 

2 .  
t h i s  C = . Therefore t h e  number of o s c i l l a t i o n s  of  t h e  s t r i n g  during 

41Mti-r . 

t h e  t i m e  of one o s c i l l a t i o n  of t h e  pendulum of  given l e n g t h  D = ,g$gg = 

(supposing -- %y- p)  as Taylor has it, who c a l l s  L and N what I C a l l  

AB and L .  

Here fol lows h i s  proof which has been affirmed above, t h e  o s c i l l a t i n g  

s t r i n g  ADB (see t h e  preceding f i g u r e )  f u r n i s h e s  t h e  image of  an elongated com- 

panion curve of a t rochoid.  

It has been shown above t h a t  the s i n e  of t h e  angle  o f  con tac t  i n  any p o i n t  

Retaining t h e  G o f  t h e  s t r i n g  i s  p r o p o r t i o n a l  t o  the l e n g t h  GH t o  be t r a v e l e d .  

same symbols which w e  have used above, t h e  s i n e  of t h e  angle of con tac t  = 



* 

- = (because t h e  f i g u r e  i s  extremely elongated and consequently d s  = dy =) 
d s  
h -, d$ w i t h  dy, of course, assumed t o  be constant ,  but  t h e  l eng th  t o  be t r a v e l e d  

dY 
d 'x GH = a - x. Therefore, - t o  a - x i s  a constant  r a t i o .  If  t h i s  r a t i o  i s  /28 
dY 

2 2 2  2 2 2  
taken as dy t o  n2 a*, then a = ady - xdy, o r  (divided by dy) a = 

dY dY2 

a - x.  When each member i s  mult ipl ied by dx, w e  o b t a i n  n2a2dxd2, = adx - xdx; 
2 

dY 

2 2  2 2 2 2  2 2 

- 2' 2dy2 
t ak ing  t h e  i n t e g r a l s  n a dx =ax o r  n a dx  = (2ax - x2)dy , from which 

i .e . ,  NG appl ied i n  cons t an t  r a t i o  t o  t h e  a r c  DE, which r a t i o  i s  very l a r g e .  

The r a t i o  AC t o  CD i s  very l a r g e  (by hypothesis) .  

quadrant DEF a l s o  w i l l  be very l a r g e ,  

which reason the  p ropos i t i on  i s  maintained as e s t a b l i s h e d .  

Therefore,  t h e  r a t i o  AC t o  

But AC*DEF::n-I (as demonstrated),  f o r  
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